THE HUREWICZ HOMOMORPHISM AND
FINITE HOMOTOPY INVARIANTS

BY
M. ARKOWITZ AND C. R. CURJEL(})

1. Introduction. It has been proved by Berstein [2] that the cokernel of the
Hurewicz homomorphism h, : n,(X) — H,(X) is a finite group if the space X is of
Lusternik-Schnirelmann category < 2 modulo the class & of finite abelian groups.
On the other hand, if X is an H-space mod # then it follows from results of Cartan-
Serre [6] that the kernel of h, is finite. In this paper we establish converses of
these results for a wide class of spaces by studying in general conditions under
which the cokernel or the kernel of the Hurewicz homomorphism A, : 7,(X) — H,(X)
is a finite group.

We first discuss the case where h, is an &-epimorphism, i.e., the cokernel of
h, is in &. Consider a homology decomposition, the dual of a Postnikov decom-
position, of X and denote by k, its nth k’-invariant [10]. In Proposition 2.1 we
prove that h, is an F-epimorphism if and only if k, is of finite order. It is also
seen that this latter condition holds if and only if X is homologically equivalent
mod % in dimension n to a wedge of n-spheres. Next we turn our attention to
those spaces for which the Hurewicz homomorphism is an #-epimorphism in all
dimensions. Let us call a map a weak & -equivalence if it induces F-isomorphisms
on integral homology. The main result of §2 (Theorem 2.5) then asserts that,
for a finite polyhedron X, the following five conditions are equivalent:

(1) The homomorphism h, : n,(X) - H,(X) is an F-epimorphism for all n.

(2) All k’-invariants of X are of finite order.

(3) There exists a weak F-equivalence from a wedge of spheres into X.

(4) There exists a weak F-equivalence from X into a wedge of spheres.

(5) The Lusternik-Schnirelmann category mod & of X is less than 2.

The equivalence of statements (2) and (5) is a generalization and converse of
a result due to Curjel [8]. The equivalence (3)<>(4) provides a partialanswer to
the following question raised by Serre for an arbitrary class of abelian groups
[16, p.290]: Given a weak F-equivalence f:Y— X, does there exist a weak
Z-equivalence g:X — Y in the opposite direction? In Example 2.7 we present
a space X and a weak F-equivalence f:S"— X and prove that there is no map
g:X — S" which is a weak F-equivalence. This example is of twofold interest.
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First of all, it shows that Theorem 2.5 does not hold without some restrictions
on X. Secondly, it gives a negative answer, at least for the class &, to Serre’s
question.

In §4 we study conditions under which the kernel of k, : 7,(X) - H,(X)is in &.
It is shown in Proposition 4.1 that h, is an #-monomorphism if and only if, for
some Postnikov decomposition {X"} of X, the k-invariant in H"* (X"~ *; 7,(X))
is of finite order. This occurs if and only if there is a map of X into a product of
K(Z,n)’s which induces an #-isomorphism on the nth homotopy groups. The
main result of §4 (Theorem 4.5) deals with spaces for which h, is an #-mono-
morphism for all n. This result, as its dual (Theorem 2.5), asserts, under certain
assumptions, the equivalence of five properties of X. Three of them are (1) h,is
an #-monomorphism for all n. (2) All k-invariants of X are of finite order. (3) X
is an H-space mod & . The other two deal with weak #-equivalences from and
into a product of K(Z,n)’s. The implication (1) =-(3) is a converse to the result
of Cartan and Serre mentioned above. Furthermore, the implication (2) = (3)isa
converse to Thom’s theorem on the k-invariants of an H-space mod & [18]. We
note that Example 2.7 is of interest also in connection with Theorem 4.5.

By combining the results on the kernel and cokernel of h,, we characterize in
Theorem 6.4 the spaces for which the Hurewicz homomorphism is an #-iso-
morphism in all dimensions. These spaces turn out to be rational homology
spheres of odd dimension.

The paper consists of six sections. The cokernel of h, is considered in §2, and
§3 is devoted to the proof of Theorem 2.5. This proof depends on a divisibility
property of the homotopy groups of a double suspension (Proposition 3.1) which
is based on Barratt’s discussion of the distributive law [1]. The kernel of A, is
studied in §4, and the proof of Theorem 4.5 occupies §5. The main lemma which
is needed for this proof utilizes some results on cohomology operations. In §6
conditions under which h,is an #-isomorphism are investigated. For the remainder
of §1 we present our notation and recall some definitions and facts.

We consider only 1-conneced topological spaces with a base point. All spaces
are assumed to have the homotopy type of a polyhedron (that is, a CW-complex)
and to have finitely generated integral homology groups in each dimension. All
maps and homotopies are to keep the base point fixed. For notational convenience
we do not distinguish between a map f : X — Y and its homotopy class in the set
n(X, Y). For an abelian grup G, the induced homomorphism on homology groups
(respectively, cohomology groups)is writtenf, : H,(X ; G) = H,(Y; G) (respectively,
f*H(Y; G) >H"(X;G)), and the induced homomorphism on homotopy groups
is written f,: m,(X) - n,(Y). We denote by K'(G,n) a Moore space of type (G, n)
(i.e., a space with a single non-vanishing homology group G in dimension n)
and by K(G,n) an Eilenberg-MacLane space of type (G,n). The nth homotopy
group of X with coefficients in G is defined as n(K'(G,n), X) and written n,(G; X).
We denote by X the reduced suspension functor and also the suspension homo-
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morphism X:7,(X) - =m,,,(2X). There is always a comultiplication map
TX - XX vIX which determines a group structure in n(ZX, Y). We let Q stand
for the loop space functor and also for the corresponding homomorphism of
homology or cohomology groups (e.g., Q:H,_(QX;G)— H(X;G)).

As already mentioned, # denotes the class of finite abelian groups, and a map
f:X - Yis called a weak F-equivalence if f,: H(X)— H(Y) is an &-isomor-
phism for all n. It follows from a result of Serre [16, Théoréme 3] that f: X —» Y
is a weak F-equivalence if and only if f,:n,(X) - 7,(Y) is an F-isomorphism
for all n.

The following notation shall be used consistently throughout this paper:
(1) h,,h, and h, for the Hurewicz homomorphism in dimension n, (2) Q for the
additive group of rational numbers, (3) Id for the identity map of a space, (4)
CX U, Y for the space obtained by attaching a cone over X to Y by means of
[ X-Y

2. The cokernel of the Hurewicz homomorphism. We first recall the notion of a
homology decomposition {X,;k,} of a space X [10]. This consists of:

(1) A sequence of polyhedra X, such that H(X,) =0, i > n, together with maps
g,: X, — X which induces homology isomorphisms in dimensions < n(n = 2,3,---).

(2) A sequence of elements k;, € n,_,(H,(X); X,_) such that

Xn = CK'(H,,(X),H— 1) Uk;,Xn—l .

The polyhedron X, is called the nth homology section and the element k, the
nth k’-invariant of {X,; k;}. We denote the inclusion by j,: X,_; = X, and the
projection by p,:X,— X,/ X,-, = K'(H,(X),n). The maps g, and j, satisfy the
relation

gnjn = gn-l:Xn—l - X.

PROPOSITION 2.1. The following three assertions are equivalent:

(1) The Hurewicz homomorphism h,:n(X)— H(X) is an %-epimorphism
(i.e., the cokernel of h, is in &F).

(2) For any homology decomposition {X,;k,} of X, the nth k’-invariant
k, is an element of finite order in m,_ (H(X);X,-1).

(3) There exists a map Afrom a wedge of n-spheres into X, A:S" v --- v §"> X,
such that A, H,(S" v --- v S") > H(X) is an F-isomorphism.

Proof. First we show that (1)<>(2). Consider the commutative diagram

(X,) Ens > 1(X)

-k

H(X,) & 5 H(X).
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Since g, induces homology isomorphisms in dimensions < n, the map g,, is an
epimorphism [12, pp. 167-168]. Thus h, is an % -epimorphism if and only if
h, is an F-epimorphism.

It is easily seen (e.g., [3, Theorem II]) that the sequence X,_, —» X, — ZK’,
with K’ = K'(H,(X),n-—1), gives rise to a commutative diagram with exact row

Ty I(K ’)

Il x Koy

l N
m(X) — Pt k) — Xy

h, x| h,

\ p |

Hn(Xn) —:,.__) n(ZK’) s

where 0 is a boundary homomorphism and I the suspension homomorphism.
It follows from the properties of a homology decomposition that p,. is an iso-
morphism. Furthermore h,, is an isomorphism by the Hurewicz theorem, and so
h, is an F-epimorphism if and only if k,,=,_,(K’) is a finite subgroup of
M- 1(X,-y). Since K'=8""'v...vS" ! vK'(T,n—1), where T is a finite
abelian group, the last assertion holds if and only if k;|S""!'v..vS§"?
is of finite order. But this is true precisely when k, is of finite order. Consequently
we have shown that h,:7m,(X)—> H,(X) is an F-epimorphism if and only if
k, is of finite order. This proves (1) <>(2).

Next we show that (3)=(1). Since A,:H,(S"v:---vS") - H(X) is an #-
isomorphism, we see that h,:n,(X)—> H,(X) is an % -epimorphism if
hy:m(S"v:.-vS)>H(S"v--vS) is an F-epimorphism. The result now
follows because h, is an isomorphism.

To prove (1) = (3) we choose a basis x,, -+, x, of the free part of H,(X). Since
h, is an F-epimorphism, there exist integers N; > 0 and elements 4, € n,(X) such
that

h (4) = Nix;, i=1,.r.

The 4; determine a map A:S" v --- v §"— X with the desired property.

REMARK 2.2. If X is an (r—1)-connected space, then it is not difficult to verify
that k, is of finite order for n < 2r — 1 (e.g., apply Thom’s lemma [7, Proposition
3.3]to k,|S"™* v -+ vS*™"). By combining this with Proposition 2.1 we retrieve
the known fact that h,:n,(X)— H,(X) is an F-epimorphism for n < 2r—1.

REMARK 2.3. Proposition 2.1 shows that the property that k, has finite order
is an invariant of the homotopy type of X. This is in contrast to the fact that the
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homology decomposition is not an invariant of homotopy type. Indeed, Brown
and Copeland [5, pp. 316-317] have exhibited two homotopically equivalent
spaces X and Y with homology decompositions {X,;k,} and {Y,;I,} such that
for some m: (i) X,, and Y,, do not have the same homotopy type, (ii) k,= 0 and
I, #0.

In order to state Theorem 2.5 we need the following definitions.

DEFINITIONS 2.4. (a)We say that a space X has finite k’-type if in some homology
decomposition {X,;k,} of X, each k, is of finite order. (In view of Remark 2.3
this is an invariant notion.)

(b) We say that #-cat X < 2 if there exists a map u: X - X v X such that the
composition of u with each of the two projections of X v X onto X is a weak
& -equivalence.

The notion of #-catX is due to Berstein [2]. We have normalized it by
subtracting 1.

THEOREM 2.5. Consider the following assertions:

(1) The Hurewicz homomorphism h,:n(X)— H(X) is an F-epimorphism
for all n.

(2) The space X has finite k'-type.

(3) There exists a weak F-equivalence

G:SMA - ASFSX (ny S-Sy

(4) There exists a weak F-equivalence y: X — S™ v --- v 8™,
(5) Fcat X <2.
Then the following conclusions hold:
) (D=®?).
(ii) If H(X) is a finite group for all i sufficiently large, then

(D+=2)=(03).
(iii) If H(X) = O for all i sufficiently large (e.g., X is a finite polyhedron), then
(D+=@Q)<=B)=@<=(5).

The proof of Theorem 2.5 occupies §3. We note that the equivalence (2) < (5)
constitutes a generalization and converse of a result of Curjel [8, Theorem I].
The implication (5) = (1) is due to Berstein [2] and holds without the hypothesis
of (iii). Some of the other implications also hold under weaker conditions. However,
it is impossible to suppress all finiteness assumptions in (iii), as will be seen in
Example 2.7. '

COROLLARY 2.6. Let f:X - Y be a weak F-equivalence, where H(X) and
H(Y) vanish for all i sufficiently large.
(a) Then F-cat X <2 if and only if F-cat Y<?2.
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(b) If either X or Y has finite k'-type (or, equivalently, is of #-cat <2), then
there exists a weak F-equivalence g:Y— X in the opposite direction (i.e., the
weak F-equivalence can be ‘‘reversed”’).

The proof of (a) is a consequence of the equivalence (1) <>(5). For the proof of
(b) observe that, if one of the two spaces has finite k'-type, then so does the other.
Hence the wedges of spheres associated with X and with Y are identical. Call
this wedge Land let ¢: L — X, ys: Y— L be the corresponding weak & -equivalences.
Then g=¢y:Y— X is a weak F-equivalence in the desired direction.

Corollary 2.6 (b) demonstrates that under certain conditions a weak %-equi-
valence can be reversed. However, the following result shows that this is not
true in general.

ExaMPLE 2.7. There is a weak F-equivalence f:S" — K(Z,n), nodd = 3, but
there is no weak #-equivalence g: K(Z,n) —» S".

Proof. Any nonzero element f in 7,(K(Z,n)) is a weak % -equivalence. Now
assume that there exists a weak #-equivalence g: K(Z,n) > S". Then gf:S"— S"
is a weak F-equivalence and therefore of degree N # 0. By a result of Serre
[16, Proposition 1, p. 278] the homomorphism (gf),:7(S") = n(S") is a
%-isomorphism, where % is the class of finite groups whose order divides a power
of N. However, (gf), = 0 for i > n, since (gf), factors through n,(K(Z, n)). Thus
for all i > n the order of n(S") divides a power of N. On the other hand, it is
known that for each prime p there are infinitely many j such that p divides the
order of n;(S") (see [13, Theorem 2]). This means that every prime divides N,
which is impossible. Hence there is no weak #-equivalence g: K(Z,n) —» S".

This example also shows that the implication (3) = (4) of Theorem 2.5 does
not hold if H(X) is merely a finite group for all i sufficiently large.

3. Proof of Theorem 2.5. Parts (i) and (ii) of Theorem 2.5 follow directly from
Proposition 2.1.

Now we show that (3) and (4) imply (5). Let u: L— L v L be any comultiplication
of L=S"v..- vS™ Define u' by ' = (¢ vo)uy:

PRSI ALY

Thus it is seen that F-catX < 2.

To prove (1) from (4) we replace X by L = S™ v --- v 8" Let p be the projection
of L onto the n-spheres of L, p: L-» S" v --- v §". The following diagram estab-
lishes (1) :

n(l) —Pf 5 a(S"v. VS

L

H(L) ——2>—— H,(S§"v- v S,
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since p, is an epimorphism.
As already noted the implication (5) = (1) has been proved by Berstein [2, §3].
To complete the proof of Theorem 2.5 it only remains to show that (3) implies
(4) under the assumption H;(X) =0 for large i. The argument depends on the
following proposition which may be of independent interest.

PROPOSITION 3.1. For any space A (not necessarily 1-connected), any finitely
generated group G and integers q > 0, s > 0, there exists an integer N > 0 such

that
N, nq(G;EzA) cs - nq(G;ZZA),

where N:X2A4 — %24 represents N times the identity map in n(£2A,Z2A).

Proof. Since N,x = (Id + --- + Id)x is in general different from Nx, we turn
to a result of Barratt which is based on the Milnor-Hilton theorem. We restate
Barratt’s Lemma 6.8 of [1] with the following modifications:

(1) We use homotopy groups with coefficients G in place of ordinary homotopy
groups (see the remark on p. 130 of [1]).

(2) For Barratt’s ii,c H, we write H..

Then for any x € my(G;Z?4),

N,x = Nx+ Z,0,(N)H(x),

where H, is an endomorphism of nq(G;EZA) and o (N) is an integer(?). For a
fixed g the sum on the right side contains only a finite number ¢ = c¢(g) of possibly
nontrivial terms. It is easily seen that ¢ (N) is a rational polynomial in N without
constant term. Let d be the least common multiple of the denominators of the ¢
polynomials ¢,. For any m, obviously m divides ¢ (dm),say o,(dm) = m-p.. Now
let N = ds, where s is the given integer. Then

N, x = dsx + Z,0 (ds)H (x)
= s[dx + Etptﬂt(x)]‘

Hence N, 7,(G;X%4) cs - n,(G;2*A) as asserted.

Now we turn to the proof that (3) implies (4). We consider a homology de-
composition of the given map ¢: L — X (see [10]). This consists of the following
sequence of spaces and maps

L=Lydtp, J2, - Jryp O,y
where L, = CK'(H, (¢),n,—1) U, L,_, and ¢gjr -+ j2j1= ¢(*). Since H(X) =0
for i sufficiently large, we choose R so that ¢, is a homotopy equivalence. In

(2) Note that I;Vt =i, o H, is the composition of a generalized Hopf invariant H, with
a generalized Whitehead product ..
(3) We denote the ith homology group of the map ¢ by Hy(¢).
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order to construct the desired weak & -equivalence : X — L, it suffices to con-
struct a weak %-equivalence Ag: Lg — L. This latter map is defined by induction
over the L,. For r = 0 take 4, =1d: L — L. Now let us assume that there exists
Aq:L,_y =L, r—1 <R, such that, for some integer N > 0,

)“r-—ljr—l .11 =N=Id+:++IdonL=S"v-..v8™

Consider the element 4,_,u,en, _,(H, (¢);L). Since ¢ is a weak F-equivalence
by hypothesis, H;(¢) is a finite abelian group for all i. Consequently =, _ (H, (¢); L)
is a finite abelian group of order t. We now apply Proposition 3.1 with s = ¢ to
obtain an integer M > 0 such that M,(4,_,u,) = 0. Hence M/, _, can be extended
to a map 4,:L,— L, and clearly 4,j,---j; = P for some P = MN. In this way we
obtain Agz:Lg — L such that Agjg---j; =S for some integer S > 0. It follows
from the commutativity of the left triangle in the diagram

that jg---j, is a weak F-equivalence. Therefore A is a weak & -equivalence, and
the proof of Theorem 2.5 is complete.

4. The kernel of the Hurewicz homomorphism. This section is dual to §2.
For this reason the proofs will often be only sketched. Here we shall deal with a
Postnikov decomposition {X"; k"} of a space X [10; 14]. The polyhedron X" is
the nth (homotopy) section of the decomposition (and not an n-skeleton of X).
In our notation k", the nth k-invariant of {X";k"}, is an element
of H"*'(X"~';m,(X)). We denote the fibre maps by p":X"— X"~' and the
n-equivalences by g": X —» X",

PROPOSITION 4.1. The following three assertions are equivalent:

(1) The Hurewicz homomorphism h,:n,(X)— H,(X) is an #-monomorphism.

(2) For any Postnikov decomposition {X"; k"} of X the nth k-invariant k" is an
element of finite order in H"* (X" !;n,(X)).

(3)There exists a map A from X into a product of Eilenberg-MacLane spaces,
A: X —>K(Z,n) x .-+ x K(Z,n), such that A,:m,(X)— n(K(Z,n) x -+ x K(Z,n))
is an F-isomorphism.

Proof. First we outline the proof of the implication (1) = (2). Let
QK = QK(n,(X),n + 1) = K(n,(X),n) be the fibre of p" and i": QK — X" the
inclusion. It is easily seen that i} : H,(QK;Q) - H,(X"; Q) is a monomorphism if
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h,:m(X)— H,(X) is an #-monomorphism, where Q is the group of rationals.
The Serre theorem [12, p. 284] yields the following diagram with exact row:

H(X",0) — 5 H'QK;0) —— H"™'(X""1;Q)
~{Q
| K
H™Y(K; )

Consequently k"= 0 because i"* is an epimorphism. This implies that k" is of
finite order.

In order to prove (2) = (3) we first mention the following general fact. Let E,
be the fiber space over A induced by a map f: A —» QB from the Serre path-space
fibration Q?B — EQB — QB. Then there exists a weak #-equivalence p:E; > E,,
for any integer m. By taking A = X"~ !, B= K(n,(X),n + 2), f = k" and m the
order of k" we obtain a weak F-equivalence p: X" —» X"~ ! x K(n,(X),n). Then
the composition

n

x 55 x 25 x" ' x K(n(X),n) -2 K(Z,n) x - x K(Z,n),

where p is the projection onto the K(Z, n)’s appearing in K(7,(X), n), is the desired
map 4.

The proof that (3) = (1) is trivial and hence omitted.

We note that Meyer [14] proves a result similar to Proposition 4.1 for the
trivial class of groups.

ReMARK 4.2. If X is an (r—1) connected space then h,:7,(X) —» H,(X) is an
& -monomorphism for n < 2r—2. To establish this known fact it is possible
to dualize the proof in Remark 2.2, but we prefer to argue by means of the following
diagram

1(X) e 7,_,(QX)

h, hn

H(X) 2 — H,_,(©@X).
Now Q is an isomorphism if n £ 2r—2 [15, Proposition 10, p. 483]. By a result
of Cartan and Serre [6, Remarques 1 and 3b], h, is an #-monomorphism for
all n. Thus h, is an #-monomorphism for n < 2r—2.
REMARK 4.3. Let H,(X) =0 for n > N. Then it follows from Proposition 4.1
that for all n > N, the k-invariant k" is of finite order if and only if 7,(X) is a
finite group.



1964] FINITE HOMOTOPY INVARIANTS 547

DEFRINITIONS 4.4. (a) We say that a space X has finite k-typeif in some Postnikov
decomposition {X"; k"} of X each k" is of finite order.

(b) We say that X is an H-space mod & if there exists a map u: X x X - X
such that the composition of u with each of the two inclusions of X into X x X
is a weak Z-equivalence.

The notion of an H-space mod & appears in [18]. It is dual to the notion of
F-cat < 2.

THEOREM 4.5. Consider the following assertions:

(1) The Hurewicz homomorphism h,:n,(X) - H(X) is an F-monomorphism
for all n.

(2) The space X has finite k-type.

(3) There exists a weak F-equivalence

¢:X > K(Z,n;) x - x K(Z,ny) (nysny=--=<ny.
(4) There exists a weak F-equivalence
Vv:K(Z,n) x - x K(Z,n)—> X.

(5) X is an H-space mod &£.
Then the following conclusions hold:

D D<=©®).

(i) If m(X) is finite for all i sufficiently large or if H(X) is finite for all i
sufficiently large, then

D<=@)«=Q) .
(iii) If n(X) =0 for all i sufficiently large, then
DeQ)=@)=@<=().
(iv) If H(X) =0 for allisufficiently large (e.g., X is a finite polyhedron), then
D<e@Q=B)«=0).

The proof of Theorem 4.5 is found in §5. The implication (5) = (2) is a result
of Thom [18, p. 36] which we establish via a theorem of Cartan-Serre (see §5).
In addition, the implication (2) = (5) constitutes a converse of Thom’s theorem
under the assumption that the homotopy or homology groups of X vanish in
sufficiently high dimensions. Example 2.7 shows that (3) = (4) is not true if m(X)
is merely a finite group for all i sufficiently large.

There is a corollary dual to Corollary 2.6 which we do not state.

5. Proof of Theorem 4.5. We begin this section with a lemma which is needed
to prove (3) = (4) in Theorem 4.5. Since a dual of the Milnor-Hilton Theorem
is not available, this lemma is not as general as its corresponding assertion in
§3. However, it is sufficient for our purposes.
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LEMMA 5.1. Let A= K(my,n;) X --- X K(m,n,) and G be a finitely generated
abelian group. Then for any given integer s> 0 and element x € H(A;G),
there exists an integer N > 0 such that

N*x = sy, for some ye HY(A;G),
where N: A — A represents N times the identity maps in n(4, A).

Proof. Itis well known [17, p. 169] that to every x € H¥(A4; G) there corresponds
a unique cohomology operation T of type (my,ng,--,m,n;G,q). Indeed
x = T(uy, -+, uy), Where u, is the ith basic class in H"(A4;n;). For any integer N,

N*x = T(N*u,, ---, N*u,) = T(Nuy,'-+, Nuy).
Thus it suffices to show that, for a given integer s, there exists an N >0 such that
(5'2) T(Nula "',Nuk)=sy3

for some y € H(A;G). It has been proved (see [17, p. 172] and [9, p.282]) that
every cohomology operation T is generated by the following primitive operations:
(1) addition, (2) coefficient homomorphisms, (3) Bockstein-Whitney homomor-
phisms, (4) Steenrod reduced pth powers, (5) cup products, (6) Pontryagin pth
powers P,. We note that (2), (3) and (4) are additive operations and that (5)isa
biadditive operation. Thus any composition of operations (1) through (5)
satisfies (5.2). We next show that for any integer m > 0,

(5.3) P, (m*x) = my,

for some ye H(X;Z
that

). It follows by induction from formula (1.5) of [4]

Pr+1

P, (mx) = mP(x) + ¢(zx),

where ¢ is a coefficient homomorphism and 7 an integer depending on m.
Consequently
P, (m?*x) = mP,(mx)+ ¢(x(mx)")

= mP,(mx) + m’¢(zx")
= m[P,(mx) + m*~'¢(x7)] .

This establishes (5.3). Since any cohomology operation T is generated by the
primitive operations (1) through (6), it follows that (5.2) holds for any T. This
completes the proof of Lemma $5.1.

We now proceed to prove Theorem 4.5.

(i) By Proposition 4.1 (1) <>(2).

(ii) If n(X)is finite for large i, then (1) <>(2) <>(3) by Proposition 4.1. If Hy(X)
is finite for large i, then (1) implies that 7,(X) is finite for large i. This completes
the proof of (ii).
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(iii) As in the dual case, (3) and (4) imply (5). Moreover, it is easily verified
that (4) = (1). The proposition (5) = (1) follows from a theorem of Cartan-Serre
[6, Remarques 1 and 3b]. Thus in order to establish (iii), it remains to show that
(3) = (4) if 7(X) = 0 for large i. The proof of this is dual to the proof of (3) = (4)
in §3. One argues by means of a homotopy decomposition [10] of the map
¢:X - K(Z,n,) x -+ x K(Z,n,), with Lemma 5.1 taking the place of Proposition
3.1.

(iv) We have only to show that (3) =(5), if H(X)=0 for all i sufficiently large.
Let {X";k"} be a Postnikov decomposition of X with n-equivalences g": X — X".
Clearly there exists an integer M such that H(X x X) =0 for i = M, and there
exists a map ¢': XM - K(Z,n,) x --- x K(Z,n,) such that

d=0¢'g":X>K(Z,n) x - x K(Z,n).
Since ¢ is a weak ZF-equivalence, so is ¢'. By applying (iii) above to X ™, we
conclude that X ™ is an H-space mod & with “‘multiplication”’
pMo XM XM xM |
We consider the diagram

XxX X
»
g x g™ g
M
XM x xM # y XM

and can assume that g™ is a fibre map with M-connected fibre F. The obstructions
to a lifting of u™(g™ x g™)into X liein H**'(X x X;n,(F)). By our choice of M,
this latter group is always trivial. Hence there exists a map u: X x X — X which
converts X into an H-space mod £.

6. Conditions under which the Hurewicz homomorphism is an #-isomorphism.

We first recall a fact about the homotopy groups of a wedge of spheres. Let
L=S8S"v--vS"™ where n;,=2 and k> 1. Then there are certain elements
P1>°**>Ds,++, called basic (Whitehead) products, in the homotopy groups of
L[11]. If p,e m; (L) then we call i; the dimension of p,, i, = dim p,.

DEFINITION 6.1. Given a sequence of integers (n,,---,n,) with n; = 2.

Case I (k> 1). Let py,--+, p,, -+ be the basic products in the homotopy groups
of S"* v ... vS™. We call an integer n a Whitehead number with respect to
(ny,+,my) if (a) n = 2dim p, — 1, where dim p; is even, or if (b) n = dim p,, for
some s > k.

Case Il (k = 1). Wecall na Whitehead number withrespectto n, if n = 2n,—1,
where n, is even.

In short, n is a Whitehead number with respect to (ny,:-,n,) if and only if
n(S™ v --- v §™) contains a Whitehead product of infinite order.
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PROPOSITION 6.2. Let X have finite k'-type and let x,,---,x, be a basis of
)) i=aH(X;Q). Then h,:n,(X) - H,(X) is an #-monomorphism if and only if
n is not a Whitehead number with respect to (ny,-+,n;), where n; = dimx;.

Proof. Let {X,;k,} be a homology decomposition of X. Since k, , , is of finite
order, j,+12:T(X,) = 1(X,+,) is an F-isomorphism. Clearly

&n+ l#:nn(Xn‘l-l) - ﬂ"(X)

is an isomorphism, and so g,,:7,(X,) = 7,(X) is an F-isomorphism. By Theorem
2.5 there exists a weak F-equivalence ¢: L =S" v .- vS™— X,. Now consider
the diagram

(L) —Pt (X)) —Et 1 (x)
h;J e 1 1/1,.
¢ J4

We see that h, is an #-monomorphism if and only if so is k,. It follows from
[11, Theorem A] that mod & the kernel of h, is generated by all Whitehead
products of infinite order. Thus h, is an #-monomorphism if and only if n is not
a Whitehead number with respect to (ny, -+, ny).

COROLLARY 6.3. Let X be as in Proposition 6.2. Then the nth k-invariant
k" of X is of infinite order if and only if n is a Whitehead number with respect
to (ny,++,ny), where ny=dim x,. In particular, if the rational homology of X
has at least two generators of positive dimensions, then k" is of infinite order
for infinitely many n.

We remark that one can define the notion of a cup number and prove a prop-
osition which is dual to Proposition 6.2.

The next theorem characterizes the spaces X for which h, is an #-isomorphism
for all n.

THEOREM 6.4. Assume that H(X) or n(X) is an infinite group for some
i>0. Then h,:n(X)—> H(X) is an F-isomorphism for all n if and only if X
is a rational homology sphere of odd dimension (i.e., the rational homology
groups of X are the same as those of S", r odd).

Proof. Let X be a rational homology sphere of odd dimension r. Since all
homology groups of X are finite with the exception of H,(X), it follows that X
has finite k’-type. Therefore h, is an %-epimorphism for all n. Since r is odd
there are no Whitehead numbers relative to r. Hence, by Proposition 6.2, h,
is an %-monomorphism for all n.

If on the other hand h, is an %-isomorphism, then X has finite k’-type and
finite k-type. By Corollary 6.3, the rational homology of X has one generator
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in H(X;Q). In view of Proposition 6.2, r must be odd. Thus X is a rational
homology sphere of odd dimension.

COROLLARY. 6.5. Let H(X) or n(X) be an infinite group for some i >0, and
assume that H.(X) = 0 for all r sufficiently large. Then X is both an H-space
mod & and of F-cat <2 if and only if X is a rational homology sphere of odd
dimension.

For the proof see Theorems 2.5 and 4.5.
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